
Mathematical Structure and Properties of Graphs



Degree Revisited

Definition:



X

u∈V

du = 2 · |E|

• In a directed graph, the sum of outdegrees of all the vertices, the sum of
indegrees of all the vertices and the number of edges are equal.
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• Theorem (Handshaking Theorem): The sum of degrees of the vertices of an
undirected graph is twice the number of edges.



• Theorem: In a group of 6 people, there exists a set of three mutual strangers
or three mutual friends.



• Theorem: In any graph, there are two vertices having the same degree.

∃u, v ∈ V such that, u ̸= v and du = dv



Trees

Definition:

Source: https://www.gatevidyalay.com/tree-data-structure-tree-terminology/



◦ G is a Tree
◦ G is a connected graph with no cycles
◦ G is a connected graph with |E| = |V |− 1
◦ G is a graph without cycles with |E| = |V |− 1
◦ Any two vertices in G have exactly one path connecting them
◦ G is Minimally Connected
◦ G is Maximally Acyclic

• Theorem: The follwing definitions are equivalent:



Definition:

Paths



Shortest Path Problem:





Eulerian Trail :

• Something Familiar(?):



• Seven Bridges of Königsberg

Source: https://www.britannica.com/science/Konigsberg-bridge-problem

According to folklore, the question arose of whether a citizen could take a walk
through the town in such a way that each bridge would be crossed exactly once.




